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Defect-free crystal lattices can accommodate spatially localized, high amplitude atomic vibrations
called either discrete breathers (DBs) or intrinsic localized modes (ILMs). This has been explored
by a number of molecular dynamics studies and, in few cases, by the first-principles calculations. A
number of experimental measurements of crystal vibrational spectra was performed aiming to prove
the existence of DBs in thermal equilibrium at elevated temperature. However, the interpretation
of these experimental results is still debated. Direct high-resolution imaging of DBs in crystals is
hardly possible due to their nanometer size and short lifetime. An alternative way to substantiate
the existence of DBs is to evaluate their impact on the measurable macroscopic properties of crystals
and validate such prediction. One of such properties is specific heat. In fact, the measurements
of heat capacity was done for alpha-uranium by Manley and co-workers in conditions where the
presence of DBs was expected. In the present study, employing a one-dimensional nonlinear lattice
with an on-site potential, we analyze the effect of DBs on its specific heat. In the most transparent
way, this can be done by monitoring the chain temperature in a non-equilibrium process, at the
emergence of modulational instability, with total energy of the chain being conserved. For the on-
site potential of hard-type (soft-type) anharmonicity, the instability of q = pi mode (q = 0 mode)
results in the appearance of long-living DBs that gradually dissipate their energy and eventually the
system approaches thermal equilibrium with spatially uniform and temporally constant temperature.
The variation of specific heat at constant volume is evaluated during this relaxation process. It is
concluded that DBs affect specific heat of the nonlinear chain and for the case of hard-type (soft-
type) anharmonicity they reduce (increase) the specific heat.
PACS numbers: 05.45.Yv, 63.20.-e
Keywords: Crystal lattice, nonlinear chain, modulational instability, discrete breather, intrinsic localized
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I. INTRODUCTION
Discrete breathers (DBs) or intrinsic localized modes
(ILMs) are spatially localized, large-amplitude oscilla-
tions in a nonlinear defect-free lattice. DBs have been
discovered three decades ago by theoreticians in one-
dimensional nonlinear lattices [1–3] and their proper-
ties have been extensively studied, as summarized in
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refs. [4, 5].
There exist a number of physical systems where the
existence of DBs has been proven experimentally, among
them are macroscopic spring-mass chains and arrays of
coupled pendula or magnets [6–8], granular crystals [9–
16], micro-mechanical cantilever arrays [17–19], electrical
lattices [20–22], nonlinear optical devices [23], Josephson
junction arrays [24, 25].
Crystal lattices can also accommodate DBs [26] since
discreteness of media and non-linearity are the two pre-
requisites for their existence, and interatomic interactions
are indeed anharmonic. A number of successful experi-
mental studies showed the existence of DBs in crystals
by measuring the vibrational spectra. The examples in-
clude DBs found in alpha-uranium [27–29], helium [30],
NaI [31, 32], graphite [33], and PbSe [34].
Contrary to the stable lattice defects, e.g. dislocations
or grain boundaries, a direct experimental observation of
DBs in crystals is challenging due to their nanometeric
2characteristic dimension and short (e.g. picosecond) life-
time. The concentration of DBs in crystals under ther-
mal equilibrium conditions is relatively low [35]. Due to
the relatively high excitation energy, the investigation of
DBs properties and their role on material’s properties
is obscured. That is why computer simulation methods
play an important role in helping the study of DB prop-
erties in various crystals. Earlier, the existence of DBs
in strained graphene and graphane (fully hydrogenated
graphene) has been confirmed with the help of ab initio
simulations [36, 37]. Such first-principle simulations im-
pose high computational demands and at present their
application is limited to two-dimensional (2D) structures
supporting highly localized DBs that can be analyzed in
relatively small computational cells. DBs in 3D crys-
tals are studied by means of classical molecular dynam-
ics (MD) methods. For the first time, this method was
successfully applied to the study of gap DBs in alkali
halide NaI crystal [38] and this study was continued in
refs. [39, 40]. Using molecular dynamics, DBs have been
found in monoatomic Morse crystals [41, 42], covalent
crystals Si, Ge and diamond [43, 44], pure metals [45–50],
ordered alloys [51–54], carbon and hydrocarbon nanoma-
terials [55–67], boron nitride [68], and proteins [69–72].
Essential limitation of any MD model is the choice of
the interatomic potentials which largely determine the
reliability of the obtained results [66].
An alternative approach to investigate the role played
by DBs is to predict how they could impact or alter
macroscopic properties of crystals depending on the am-
bient temperature [73]. Since DBs are nonlinear vibra-
tional modes, their excitation is expected to be trigged
by raising the temperature above a certain threshold
value [74]. In several experimental works, the effect of
DBs on macroscopic properties of crystals has been dis-
cussed, in particular, anomalies in thermal expansion [27]
and heat capacity [28] of alpha-uranium were attributed
to the excitation of DBs at high temperatures. At the
same time, it was shown numerically that DBs are re-
sponsible for the transition from ballistic to normal ther-
mal conductivity in a nonlinear chain [75].
Identification of thermally excited DBs in lattices re-
quires application of special procedures [40, 74, 76–81].
DBs, as lattice defects, can be distinguished in lattice
during the non-equilibrium processes e.g. by absorbing
running phonon waves at the boundaries of heated lat-
tice [75, 82–93]. Here we choose an alternative approach
related to modulational instability of particular delocal-
ized modes. Such instabilities lead to energy localiza-
tion in the form of long-living chaotic DBs and subse-
quent transition to thermal equilibrium [22, 94–103]. In
the course of this transition of a nonlinear chain, the lo-
cal temperature and the specific heat can be calculated.
Here, we demonstrate that the specific heat of the crystal
containing DBs is different (smaller for the hard-type an-
harmonicity and larger for the soft-type anharmonicity)
from the one measured under thermal equilibrium. This
feature can be used as indicator of the activation of DBs
K=1
m=1
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Figure 1: Chain of harmonically coupled, unit mass point-
wise particles interacting with the six-order polynomial on-
site potential.
while increasing the crystal’s temperature and measuring
its specific heat at the same time. The specific heat and
the anomaly of thermal conductivity in the presence of
DBs can be linked also to the definition of the effective
temperature related to the additional degrees of freedom
of out-of-equilibrium systems.
In this work, we discuss this methodology and provide
computational assessment to evaluate the contribution
of DBs in the change of the specific heat. After descrip-
tion of the model and simulation procedure provided in
Sec. II, the simulation results on the development of mod-
ulational instability of the zone boundary mode (q = pi)
are presented in Sec. III for the hard-type anharmonicity.
The modulational instability of Γ-point mode (q = 0) is
studied in Sec. IV for the soft-type anharmonicity. Prop-
erties of discrete breathers are then analysed in Sec. V
to rationalize results of the performed simulations. Sum-
mary and conclusions are presented in Sec. VI.
II. THE MODEL AND SIMULATION SETUP
We consider a 1D chain of particles having massm (see
Fig. 1) whose Hamiltonian is defined by
H = K+P =
∑
n
mu˙2n
2
+
∑
n
[ s
2
(un+1 − un)2 + U(un)
]
,
(1)
where K is the kinetic energy, P is the potential energy,
un is the displacement of the nth particle from its equi-
librium position and u˙n is its velocity (overdot means
derivative with respect to time t). The particles are har-
monically coupled to their nearest neighbors by the elas-
tic bonds with stiffness s. For the on-site potential, we
take
U(ξ) = kξ2 + αξ4 + βξ6, (2)
where k is the coefficient in front of the harmonic term,
while the coefficients α and β define the contributions
from the quartic and six-order terms, respectively. This
model has been considered in [104] for solving a different
problem.
Without the loss in generality we set m=1, s = 1 and
for the on-site potential we take k = 1/2, α = ±1/24,
3and β = 1/720. Note that for α > 0 we have the on-
site potential with the hard-type anharmonicity and for
α < 0 the on-site potential features the soft-type anhar-
monicity for not very large vibration amplitudes. On the
other hand, for very large vibration amplitudes, when
the six-order term dominates, even for α < 0, the system
demonstrates hard-type anharmonicity, but this case is
not addressed here.
The equations of motion that stem from Eqs. (1) and
(2) are
mu¨n = s(un−1−2un+un+1)−2kun−4αu3n−6βu5n. (3)
These equations are integrated numerically using the
Sto¨rmer method of order six with the time step τ = 10−3.
In the case of small amplitude vibrations, the nonlinear
terms can be neglected and the solutions of the linearized
equation are the normal modes un ∼ exp[i(qn−ωqt)] with
wave number q and frequency ωq. These modes obey the
following dispersion relation
ω2q =
2
m
[k + s(1− cos q)]. (4)
The considered chain supports the small-amplitude run-
ning waves (phonons) with frequencies within the band
from ωmin = 1 for q = 0 to ωmax =
√
5 ≈ 2.236 for q = pi.
In the case of hard-type anharmonicity (α = 1/24),
the zone-boundary mode with q = pi and the amplitude
A,
un = A sin(pin− ωmaxt), (5)
is excited in the chain of N = 1000 particles at t = 0.
For the chain with soft-type anharmonicity (α =
−1/24) the Γ-point mode with q = 0 and the amplitude
A,
un = A sin(ωmint), (6)
is initially excited.
If A is not too small, the above two modes are modu-
lationally unstable. Initially the energy is evenly shared
between all the particles. Development of the instability
results in energy localization which can be monitored by
calculating the localization parameter
L =
∑
e2n(∑
en
)2 , (7)
where
en =
mu˙2n
2
+
s
4
(un−un−1)2+
s
4
(un+1−un)2+U(un), (8)
is the energy of the nth particle.
As a measure of temperature, the averaged kinetic en-
ergy per atom,
K¯ =
1
N
∑
n
mu˙2n
2
, (9)
will be used. In fact, the temperature of a one-
dimensional lattice is T = 2K¯/kB, where kB = 8.617 ×
10−5 eVK−1 is the Boltzmann constant.
Heat capacity of the whole chain is defined as follows
C = lim
∆T→∞
∆H
∆T
, (10)
where ∆H is the portion of energy given to the system
and ∆T is the corresponding increase in temperature.
Specific heat is defined as the heat capacity per unit mass
or per particle. Since periodic boundary conditions are
used in this study and thermal expansion of the chain
is not allowed, we evaluate the specific heat at constant
volume.
The problem with using the definition Eq. (10) is that
our simulations are performed at constant total energy
H . Hence the specific heat of the chain at constant vol-
ume is characterized by the ratio
cV =
H¯
K¯
, (11)
where H¯ and K¯ are the total energy and the kinetic en-
ergy of the chain per atom, respectively.
In linear systems, an increase in the total energy is
equally shared between the kinetic and potential ener-
gies so that H¯ = 2K¯ and cV = 2. Whereas in nonlinear
systems, the kinetic and potential energies can be differ-
ent and cV can deviate from this value.
In the following section, the time evolution of cV will
be calculated for the chain during the development of
modulational instability. The values of cV in the regime
when energy is localized by DBs will be compared to that
in thermal equilibrium.
III. MODULATIONAL INSTABILITY FOR
HARD-TYPE ANHARMONICITY
We take α = 1/24 in the on-site potential Eq. (2)
and excite the chain in the zone-boundary mode Eq. (5)
considering various amplitudes A. While integrating the
equations of motion Eq. (3), we monitor the change in
the localization parameter L, Eq. (7), and specific heat
cV , Eq. (11).
Localization parameter as a function of time is pre-
sented in Fig. 2 for various values of A. At t = 0, all
curves start from the minimal possible value of the lo-
calization parameter that is L = 1/N = 10−3. The de-
velopment of modulational instability results in energy
localization due to the formation of DBs and this leads
to an increase in the localization parameter. DBs slowly
radiate their energy and thus, the localization parame-
ter gradually decreases and in the end, when the system
reaches the state of thermal equilibrium, L oscillates near
the small value of 2× 10−3.
Distribution of energy over the chain at the time when
localization parameter is maximal is shown in Fig. 3 for
40 1x106 2x106 3x106 4x106 5x106
0,000
0,005
0,010
0,015
0,020
0,025
0,030
0,035
A=0.8
A=0.9
A=1.0
A=1.1
 
 
L A=1.2
t
Figure 2: Results of Localization parameter L vs time t
(α = 1/24, hard-type anharmonicity) for various amplitudes
A of the initially excited zone-boundary mode. For all cases
at t = 0, L = 1/N = 10−3. Modulational instability results in
increase of L due to energy localization on DBs. Then L de-
creases because DBs gradually radiate energy and eventually
system reaches thermal equilibrium with L = 2× 10−3.
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Figure 3: Total energies of particles in the chain at the time
when the localization parameter reaches its maximum for var-
ious amplitudes of the initially excited zone-boundary mode,
as indicated for each panel. Results for α = 1/24 (hard-type
anharmonicity).
various mode amplitudes from A = 0.8 to A = 1.2. One
can see the sets of DBs sharply localized on single parti-
cles. In Fig. 4, we plot (a) the number of DBs and (b) the
average energy of DBs as a function of the zone-boundary
mode amplitude at the time when L is maximal. It fol-
lows from the plots that NDB increases linearly with A
nearly two times within the studied range of amplitudes,
while EDB increases with A very slowly.
Our main result is shown in Fig. 5, where the time-
dependence of specific heat is plotted for the various
mode amplitudes. From comparison of Fig. 2 and Fig. 5,
it can be seen that the specific heat is minimal when the
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Figure 4: (a) Number of discrete breathers and (b) average
energy of discrete breathers at the time when localization pa-
rameter is maximal, as the functions of the zone-boundary
mode amplitude.
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Figure 5: Specific heat normalized by A2 as the function
of time for various amplitudes of the initially excited zone-
boundary mode. Inset zooms in the range of small time. Spe-
cific teat is minimal when DBs are in the system and it in-
creases while system approaches thermal equilibrium. Results
for α = 1/24 (hard-type anharmonicity).
localization parameter is maximal. During the transition
to thermal equilibrium, the specific heat increases. From
this, we conclude that the DBs reduce the specific heat
of the chain with hard-type anharmonicity.
IV. MODULATIONAL INSTABILITY FOR
SOFT-TYPE ANHARMONICITY
Now, we take α = −1/24 in the on-site potential
Eq. (2) and excite the chain in the gamma-point mode
Eq. (6) considering various amplitudes A. Again, while
integrating the equations of motion Eq. (3), we monitor
the change in the localization parameter L, Eq. (7), and
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Figure 6: The same as Fig. 2 but for soft-type anharmonicity
(α = −1/24).
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Figure 7: Total energies of particles in the chain at the time
when the localization parameter reaches its maximum for vari-
ous amplitudes of the initially excited gamma-point mode, as
indicated for each panel. Results for α = −1/24 (soft-type
anharmonicity).
specific heat cV , Eq. (11).
Localization parameter as a function of time is pre-
sented in Fig. 6 for various values of A. Similar to the
hard-type case, at t = 0, all curves start from the min-
imal possible value of the localization parameter that is
L = 1/N = 10−3. The development of modulational
instability results in energy localization due to the for-
mation of DBs and this leads to an increase in the local-
ization parameter. DBs slowly radiate their energy and
thus, the localization parameter gradually decreases and
in the end, when the system reaches the state of thermal
equilibrium, L oscillates near the small value of 2×10−3.
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Figure 8: (a) Number of discrete breathers and (b) Aver-
age energy of discrete breathers at the time when localization
parameter is maximal, as the functions of the gamma-point
mode amplitude.
Distribution of energy over the chain at the time when
localization parameter is maximal is shown in Fig. 7 for
various mode amplitudes from A = 0.35 to A = 0.6. One
can see the sets of DBs sharply localized on single par-
ticles (though they are not as sharply localized as in the
case of hard-type anharmonicity). In Fig. 8, we plot (a)
the number of DBs and (b) the average energy of DBs
as a function of the gamma-point mode amplitude at the
time when L is maximal. It follows from the plots that
NDB again increases linearly with A nearly two times
within the studied range of amplitudes, while EDB in-
creases with A very slowly.
Our main result is shown in Fig. 9, where the time-
dependence of specific heat is plotted for the various
mode amplitudes. From comparison of Fig. 6 and Fig. 9,
it can be seen that the specific heat is maximal when the
localization parameter is maximal. During the transition
to thermal equilibrium, the specific heat decreases. From
this, we conclude that the DBs increase the specific heat
of the chain with soft-type anharmonicity.
V. PROPERTIES OF DISCRETE BREATHERS
Approximate solutions for DBs in the chain Eq. (3)
have been derived in [104]. However, the solution re-
ported for the hard-type anharmonicity cannot be used
here because it is valid only for relatively wide DBs but in
our simulations very sharp DBs are formed as the result
of modulational instability, see Fig. 3. In the following we
will give another approximate solution, which is valid for
very sharp DBs in the case of hard-type anharmonicity.
On the other hand, in the case of soft-type anharmonic-
ity the emerging DBs are not very sharp, see Fig. 7, and
the solution reported in [104] gives a reasonable accuracy.
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Figure 9: Localization parameter as the function of time for
various amplitudes of the initially excited gamma-point mode.
For all cases at t = 0 the localization parameter is L = 1/N =
10−3. Modulational instability results in increase of L due
to energy localization on DBs. Then L decreases because
DBs gradually radiate energy and eventually system reaches
thermal equilibrium with L = 2 × 10−3. Results for α =
−1/24 (soft-type anharmonicity).
Below we will reproduce that solution for the convenience
of the reader.
A. Hard-type anharmonicity
For a very sharp DB localized on n-th particle, we
assume that un−1 = un+1 = 0. Hence, Eq. (3) obtains
the form
u¨n + a1un + a3u
3
n + a5u
5
n = 0, (12)
where
a1 =
2(s+ k)
m
, a3 =
4α
m
and a5 =
6β
m
.
The exact periodic solution to this equation has been
reported, e.g., in [105] in the form
un =
ADBcn(P,M)√
cn2(P,M) +
√
6q
1
q
2
sn2(P,M)dn2(P,M)
, (13)
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Figure 10: The DB Frequency (fDB) as a function of the DB
amplitude (ADB), for (a) hard-type anharmonicity and (b)
soft-type anharmonicity. The line in (a) is for the analyti-
cal solution Eq. (13), while the line in (b) for the solution
Eq. (21). Scattered dots in (a) and (b) are for the chaotic
breathers emerged as the result of modulational instability of
the zone-boundary mode with the amplitude A = 1.0 and the
Γ-point mode with A = 0.6, respectively.
where cn, sn and dn are the Jacobi elliptic functions, ADB
is the DB amplitude and
q1 = a1 + a3A
2
DB + a5A
4
DB, (14)
q2 = 6a1 + 3a3A
2
DB + 2a5A
4
DB, (15)
q3 = 4a1 + 3a3A
2
DB + 2a5A
4
DB, (16)
P =
(q1q2
6
) 1
4
t, (17)
M =
1
2
− q3
4
√
3
2q1q2
. (18)
The solid line in Fig. 10(a) shows the relation be-
tween the DB frequency (fDB) and the DB amplitude
(ADB) obtained from the analytical solution Eq. (13) to
Eq. (12). Here we also plot the numerical results (scat-
tered dots) for the DBs emerged in the simulations of
the modulational instability of the zone-boundary mode
with A = 1.0, see Fig. 3. It can be seen that the analyt-
ical solution is in a good agreement with the simulation
results. The small difference (within 5%) between the
numerical and analytical results can be attributed to the
assumption, that the DB is localized on single particle,
used in calculating the analytical solution. This assump-
tion is responsible for underestimation of the rigidity of
the actual breather. As the DB amplitude is increased,
the degree of DB localization also increases and thus, the
simulation results become closer to the analytical solu-
tion at higher amplitudes.
7B. Soft-type anharmonicity
In the case of soft-type anharmonicity, for not very
large displacements, Eq. (3) can be approximated by the
Frenkel-Kontorova model [106]
mu¨n = s(un−1 − 2un + un+1)− sin(un), (19)
which reduces to the sine-Gordon equation in the contin-
uum limit (s→∞),
utt − uxx + sinu = 0. (20)
Then the well-known moving breather solution of
Eq. (20) can be written in the discrete form to give an
approximate solution to Eq. (19) as follows
un(t) = 4 arctan
η cos[ζωDB(t− vDBn)]
ω
DB
cosh[ζη(n− v
DB
t)]
, (21)
where
η =
√
1− ω2DB, ζ =
1√
1− v2
DB
. (22)
The solid line in Fig. 10(b) shows the relation between
the DB frequency (fDB) and the DB amplitude (ADB)
for soft-type anharmonicity obtained from the analytical
solution Eq. (21). It is plotted against the numerical
results (scattered dots) obtained from the simulation of
modulational instability of the Γ-point mode with the
amplitude A = 0.6. Again, the analytical solution is in
good agreement with the simulation results (within 1%).
VI. CONCLUSIONS
In the present study, the effect of DBs on the spe-
cific heat of a nonlinear chain is discussed. Chaotic DBs
arise in the chain as a result of modulational instabil-
ity of particular extended vibrational modes, namely, the
zone-boundary mode (q = pi) for the case of hard-type
anharmonicity and the Γ-point mode (q = 0) for the case
of soft-type anharmonicity.
As it can be seen in Fig. 5, when DBs are excited in
the chain with hard-type anharmonicity, the specific heat
is about 10% lower as compared to thermal equilibrium.
For the soft-type anharmonicity (see Fig. 9), the specific
heat reduces by about 2% during the transition from the
regime with DBs to thermal equilibrium. This means
that DBs reduce (increase) the heat capacity of the non-
linear chain with hard-type (soft-type) anharmonicity.
From this observation it follows that the heat ca-
pacity of the crystals having a gap in the phonon
spectrum and supporting soft-type anharmonicity DBs
(e.g., NaI [31, 32, 38–40], ordered alloys [51–54], and
graphane [37]) should increase due to the excitation of
DBs. For the crystals without a gap in the phonon
spectrum (e.g., pure metals [45–50] and covalent crys-
tals [43, 44]) only hard-type anharmonicity DBs can exist
and their excitation will reduce heat capacity.
Note that in the experimental work [28] an increase of
heat capacity of alpha-uranium at high temperatures was
related to the contribution from DBs. Apparently this is
a misleading interpretation since DBs in alpha-uranium
are of the hard-type anharmonicity [48] and they can only
reduce the heat capacity.
In future studies, it is planned to analyze the effect of
DBs on other macroscopic properties of nonlinear chains
and crystal lattices, e.g., on the elastic constants and
thermal expansion. This work will suggest the way of in-
direct detection of DBs in crystals by measuring macro-
scopic properties sensitive to the presence of DBs.
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